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We investigate the nonclassicality of a two-level system driven by an external time-dependent
field in the presence of dephasing. We consider two criteria for nonclassicality, one based on the
quantum witness built upon the no-signaling in time condition and one based on the temporal
steering inequality, for a linearly driven qubit. We show that both strongly depend on the amplitude
of the driving field. As a result, we demonstrate that the quantumness of the two-level system can
be successfully controlled by properly tuning the driving strength. We establish in particular that
maximal violations of classicality allowed by dephasing can be achieved at arbitrary chosen times.
Characterizing and controlling nonclassicality is of fun-
damental and practical importance. On the one hand,
quantum features, such as coherence [1] and entangle-
ment [2], play a crucial role in foundational tests of quan-
tum theory [3, 4]. On the other hand, they have been
identified as a resource for quantum technologies that can
outperform their classical counterparts [5]. Cases in point
are quantum communication [6], quantum computation
[7] and quantum metrology [8]. A common method to
establish quantumness is to impose classical constraints
that are violated by quantum mechanics. For instance,
the classical assumptions of realism and locality lead to
Bell’s inequality [9, 10], while those of macroscopic real-
ism and noninvasive measurability result in the Leggett-
Garg inequality [11, 12]. A violation of the former reveals
the presence of nonclassical spatial correlations between
two systems, whereas a violation of the latter uncovers
nonclassical temporal correlations in the dynamics of a
single system. A third, more recent approach is based on
the classical assumption of no-signaling in time, that is,
the idea that a measurement does not affect the outcome
of a later measurement [13, 14]. Quantumness is here
witnessed by the different population dynamics of a sys-
tem in the presence and in the absence of a measurement.
Experimental implementations of such quantum witness
with single atoms [15], superconducting flux qubits [16]
and individual photons [17, 18] have been reported lately.
To our knowledge, nonclassicality as defined above has
so far only been investigated for time-independent qubits.
However, most quantum systems of interest are driven by
external fields. Prominent examples include laser driven
atoms in quantum optics [19], driven spins in nuclear
magnetic resonance [20], driven quantum dots in con-
densed matter physics [21], and laser driven chemical re-
actions [22], to name a few. External driving fields are
known to offer new means to precisely control and ma-
nipulate the dynamics of quantum systems [23]. They
give rise, in addition, to novel phenomena that are ab-
sent in stationary systems, such as stabilization against
ionization [24] and coherent destruction of tunneling [25].
In this paper, we perform a detailed analysis of the
nonclassical properties of a driven qubit with the help of
the quantum witness based on the no-signaling in time
condition [13, 14]. We show that the time evolution of the
witness is strongly influenced by the external driving. In
particular, while the position of the maxima of the wit-
ness, which correspond to maximal departure from classi-
cal behavior [26], are determined by the level splitting of
the undriven qubit, they depend on the amplitude of the
external linear field in the driven case. We analytically
determine the location of these maxima for a two-level
system subjected to dephasing. We demonstrate as a
result that the maximum value of the quantum witness
can be reached at an arbitrary chosen time by properly
tuning the parameter of the driving field. We further
apply these findings to temporal steering, a form of tem-
poral correlations between the initial and final state of a
quantum system [29–34]. The latter may be regarded as
a temporal analog of the Einstein-Podolsky-Rosen steer-
ing which allows to remotely prepare quantum states in
another spatially-separated party [35]. We specifically re-
solve the maxima of the steering parameter for the driven
qubit with dephasing and show that the latter may again
be controlled by the external driving field.
Driven qubit. We consider an externally driven two-
level system with Hamiltonian, H(t) = ω(t)σz/2, where
ω(t) is the time-dependent frequency and σz the usual
Pauli operator. For concreteness and simplicity, we shall
assume a linear driving of the form, ω(t) = ω0 + ∆t,
with amplitude ∆. The time evolution of a system oper-
ator X may be described with the help of the Heisenberg
equation of motion [37],
dX
dt
= i [H,X] +
∂X
∂t
+
γ
4
(σz[X,σz] + [σz, X]σz) , (1)
where the last term on the right-hand side accounts for
dephasing noise with intensity γ. This type of noise leads
to phase damping in the eigenbasis of the qubit and is of
importance in many applications [5].
Driven quantum witness. The quantum witness in-
troduced in Refs. [13, 14] exploits the fact that a quan-
tum measurement of an observable necessarily disturbs
any noncompatible observable. Consider an observable
A nonselectively measured at time t = 0 and another
observable B measured at a later time t > 0. The mea-
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2surement outcome n of A is obtained with probability
pn(0), while the measurement outcome m of B is ob-
tained with probability p′m(t). For a joint measurement
of the two observables, the probability for a d-level sys-
tem of obtaining m in the second measurement is,
p′m(t) =
d∑
n=1
p(m, t|n, 0)pn(0), (2)
with the conditional probability p(m, t|n, 0). In the ab-
sence of the first measurement on A, the probability of
outcome m of B is denoted by pm(t). According to the
classical no-signaling in time assumption, the nonselec-
tive measurement of A should have no influence on the
statistical outcome of the later measurement of B, and
p′m(t) = pm(t). The quantum witness is then defined
as the difference Wq = |pm(t)− p′m(t)|. A non-vanishing
value of the witness is a clear signature of nonclassicality.
Specifying quantum behavior with the help of the
quantum witness presents a number of theoretical and
experimental advantages: i) contrary to Bell’s inequal-
ity, it applies to individual systems like the Leggett-Garg
inequality, however, ii) its implementation only requires
two time measurements, in contrast to the three measure-
ments usually needed to test the Leggett-Garg inequality,
and iii) it involves one-point expectations, rather than
two-point correlations, finally, iv) it provides a necessary
and sufficient condition for macrorealism [39]. In view
of its simplicity, the quantum witness is therefore ideally
suited to investigate the influence of external driving.
In order to look for maximal violations of classicality
for the driven qubit, we choose the noncommuting oper-
ators A = σx(τ/2) and B = σx(τ). We further initialize
the system in the |+〉 eigenstate of σx [26]. We analyze
the time evolution of the quantum witness by solving the
Heisenberg equation of motion (1) for a set of basis op-
erators consisting of {σx, σy, σz, I} [36]. In the absence
of the intermediate measurement, the probability to find
the system at time t = τ in the state |+〉 reads [36],
p+(τ) = 〈Π+〉(τ) = 1
2
[
1 + e−γτ cos
(
∆τ2
2
+ ω0τ
)]
(3)
On the other hand, when a nonselective projective mea-
surement of A = σx is performed at time t = τ/2, the
state of the system is updated to ρ′ =
∑
i=±Πiρ(τ/2)Πi,
where ρ(τ/2) denotes the density operator prior to the
measurement. The probability to find the system at time
t = τ in the state |+〉 is now [36],
p′+(τ) =
1
2
+
e−γτ
4
[
cos
(
∆τ2
4
)
+cos
(
∆τ2
2
+ ω0τ
)]
(4)
As a consequence, the linearly driven quantum witness
Wq = |p+(τ)〉 − p′+(τ)| is given by the expression,
Wq = e
−γτ
4
∣∣∣∣cos(∆τ24
)
− cos
(
∆τ2
2
+ ω0τ
)∣∣∣∣ . (5)
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FIG. 1. Density plot of the quantum witness Wq, Eq. (5),
as a function of time τ and driving amplitude ∆, for a lin-
early driven two-level system with dephasing. The black lines
correspond to the maxima of the witness as determined by
the respective conditions (6)-(8): ∆1 (dashed), ∆2 (dotted-
dashed) and ∆3 (dotted). Parameters are ω0 = 0 and γ = 0.1.
The maximum value of the quantum witness (5) is de-
termined by the number of possible outcomes of the in-
termediate nonselective measurement and is here given
by 1/2 [26]. These upper bounds of quantumness are
of special significance. A violation of the corresponding
Tsirelson bound for Bell’s inequality [27] would reveal
new physics beyond quantum theory [40, 41] and have im-
portant consequences for quantum communication proto-
cols [42, 43]. Furthermore, the temporal Tsirelson bound
for the Leggett-Garg inequality [44, 45] has been linked
to the divisibility of quantum dynamics [46].
The maxima of the quantum witness (5) for a given
time τ are obtained by calculating the zeros of its deriva-
tive with respect of the driving amplitude ∆. To simplify
the discussion, we set ω0 = 0. We then find (k ∈ Z) [36],
∆1(k, τ) =
4pi (2k + 1)
τ2
, (6)
∆2(k, τ) =
4
(
2pik − tan−1 (√15))
τ2
, (7)
∆3(k, τ) =
4
(
2pik + tan−1
(√
15
))
τ2
. (8)
We note that all three equations (6)-(8) are independent
of the dephasing constant γ.
Figure 1 shows, as an illustration, the two-dimensional
density plot of the quantum witness (5) as a function of
the time τ and the driving strength ∆. The maxima given
by Eqs. (6)-(8) are respectively represented by the black
dashed lines (∆1), the dotted-dashed lines (∆2) and the
dotted lines (∆3). Figure 2 displays the time evolution
of the quantum witness for various parameters. The un-
driven (∆ = 0) qubit with dephasing (γ = 0.1) (blue dot-
ted) exhibits oscillations with frequency ω0 = 1. It there-
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FIG. 2. Driven (black dotted-dashed) and undriven (blue dot-
ted) quantum witness Wq, Eq. (5), as a function of time τ .
While the maxima of Wq, corresponding to maximal viola-
tions of classicality, are determined by the frequency ω0 of
the undriven qubit, they are determined by both frequency
and driving amplitude ∆ for the linearly driven qubit. The
minimum of the undriven quantum witness at τ = 2pi/ω0 is
turned into a maximum of the driven quantum witness for
∆ = 0.95 (vertical purple). The quantum witness is bounded
from above by one-half the l1-norm of coherence C`1 (red
solid). The dephasing rate is γ = 0.2.
fore vanishes for τ = n(2pi/ω0), (n ∈ Z). At these times,
the nonclassicality of the undriven qubit cannot be estab-
lished. An upper bound to the quantum witness is given
by one half the l1-norm, Cl1(ρ) =
∑
i6=j |ρij | = exp(−γτ),
(red solid) a coherence monotone which is the sum of
the modulus of the nondiagonal matrix elements of the
density operator ρ [48, 49]. By contrast, the behavior
of the driven (∆ 6= 0) qubit in the presence of dephas-
ing (γ = 0.1) (black dotted-dashed) is more involved.
It presents irregular oscillations whose maxima are still
bounded by one half the l1-norm of coherence. Their
locations are determined by analogs to Eqs. (6)-(8) for
ω0 6= 0 which can be determined numerically. These
criteria can be successfully used to tailor the quantum
witness such that it achieves its maximal possible value
allowed by dephasing at any chosen time τ . For exam-
ple, the minimum of the witness of the undriven qubit at
τ = 2pi/ω0 can be turned into a maximum by setting the
driving amplitude to ∆ = 0.95 as seen in the figure (ver-
tical purple line). This point corresponds to the maximal
possible violation of classicality at that time.
Driven temporal steering inequality. We next apply
these results to temporal steering. Temporal steering is
about the ability to affect the state of a system at a later
time through measurements, but formulated in a two-
party scenario [29–34]. It is thus closely related in spirit
to the quantum witness. Let us consider two parties, Al-
ice and Bob, that perform consecutive measurements (us-
ing a random sequence of mutually-unbiased bases known
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FIG. 3. Density plot of the steering function S2, Eq. (11), as
a function of time τ and driving amplitude ∆, for a linearly
driven two-level system with dephasing. The black dashed
lines corresponds to the maxima of the steering parameter as
determined by Eq. (12). Parameters are ω0 = 1 and γ = 0.1.
only to them) on one system to test temporal correlations
between its initial and final states. Assuming that Alice
measures observable A at t = 0 and Bob observable B
of the same qubit at time t = τ , the following steering
inequality holds for all classical states [29],
SN (τ) =
N∑
i=1
E[〈Bi〉2Ai ] ≤ 1, (9)
where N denotes the number of unbiased measurements
performed by Bob. The expectation value,
E[〈Bi〉2Ai ] =
∑
a=±1
P (a = Ai)〈Bi〉2Aj=a, (10)
is written in term of the probability P (Ai = a) =∑
λ qλPλ(Ai = a) that depends on a classical variable λ
that specifies a given type of transmission channel with
probability distribution qλ. A violation of the steering
inequality (9) indicates stronger than classical temporal
correlations between initial and final states. Temporal
steering has been successfully used to assess the security
of quantum key distribution protocols [30]. Violations of
the steering inequality (9) have further been experimen-
tally observed in photonic systems [33, 34].
We evaluate the steering parameter S2(τ) for the lin-
early driven qubit with dephasing for N = 2 by solving
the Heisenberg equation (1) using again the operator ba-
sis {σx, σy, σz, I}. We explicitly find [36],
S2(τ) = 2e
−2γτ cos2
(
∆τ2
2
+ ω0τ
)
. (11)
The maxima of the steering parameter for a given time
τ are determined by the zeros of the derivative of S2(τ)
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FIG. 4. Driven (black dotted-dashed) and undriven (blue
dotted) steering parameter S2, Eq. (11), as a function of time
τ . For short times, the steering inequality (9) is violated
in both cases, indicating the presence of larger than classical
temporal correlations. For long times, the inequality is always
verified because of dephasing. Using the criterion (12), the
position of the maxima of the driven steering function can
be controlled via the driving amplitude ∆. The minimum of
the undriven S2 at τ = 3pi/(2ω0) (no violation of the steering
inequality) can thus be turned into a maximum of the driven
S2 (violation of the steering inequality) by setting ∆ = 0.14
(vertical purple). The steering parameter is bounded from
above by twice the square of the l1-norm of coherence C`1
(red solid). Parameters are γ = 0.06 and ω0 = 1.
with respect to the driving strength ∆. We obtain [36],
∆(k, τ) =
2(kpi − ω0τ)
τ2
, k ∈ Z. (12)
The density plot of the steering function S2(τ) as a func-
tion of the time τ and the driving parameter ∆ is shown
in Fig. 3 together with the maxima specified by Eq. (12)
(black dashed). The undriven (∆ = 0) steering param-
eter with dephasing (γ = 0.06) is represented as a func-
tion of time in Fig. 4. We observe that S2(τ) exhibits
oscillations with frequency ω0 = 1 that are exponen-
tially damped because of dephasing. The upper bound
to the steering function is given by 2C2l1 = 2 exp(−2γτ).
The steering inequality (9) is always violated in the limit
τ → 0, demonstrating the presence of stronger than clas-
sical temporal correlations, whereas it is always verified
in the limit τ → ∞. At intermediate times, the steer-
ing inequality is sometimes violated, sometimes not, ow-
ing to the oscillatory behavior of S2(τ). The presence of
stronger than classical temporal correlation can therefore
not always be definitely established at these times. The
driven steering parameter (11) displays a similar behav-
ior (black dotted-dashed). However, in the driven case
the positions of its maxima are determined by both the
frequency ω0 and the amplitude ∆ as given by Eq. (12).
Similarly to the driven witness (5), the driving ampli-
tude ∆ can be tuned so that the steering function S2(τ)
reaches its maximum value permitted by dephasing at
any arbitrary time τ . For instance, the minimum of the
undriven steering parameter at τ = 3pi/(2ω0), which cor-
responds to no violation of the steering inequality, can be
successfully turned into a maximum of the driven steering
function for ∆ = 0.14, resulting in a violation of Eq. (9).
Conclusions. We have investigated the quantumness of
a linearly driven two-level system based on the quantum
witness as well as the temporal steering inequality. We
have in both cases analytically determined the positions
of maximal departures from classicality which strongly
depend on the driving amplitude. We have demonstrated
that the latter can be exploited to tailor the nonclassi-
cality of the qubit. Concretely, a minimum of either the
undriven quantum witness or the undriven steering func-
tion, that exhibits no sign of quantumness, can be turned
into a maximum of the respective driven quantity, at an
arbitrary chosen time, by simply tuning the driving am-
plitude. As a consequence, maximal nonclassicality, as
permitted by dephasing, may be achieved even with min-
imal experimental control on the system.
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Supplemental Material
Calculating the quantum witness
The Heisenberg equation of motion (1) may be ex-
pressed in the operator basis {σx, σy, σz, I} as,
d
dt

σx
σy
σz
I
 =

−γ −ω(t) 0 0
ω(t) −γ 0 0
0 0 0 0
0 0 0 0
 . (13)
The time evolution of an operator X is given by XH(t) =
V †(0, t)X [37]. Restricting the analysis to {σx, σy}, the
propagator V †(t1, t2) follows from Eq. (13) as,
6V †(t1, t2) =
(
e−γ(t2−t1) cos
[
1
2 (t1 − t2) (∆ (t1 + t2) + 2ω0)
]
e−γ(t2−t1) sin
[
1
2 (t1 − t2) (∆ (t1 + t2) + 2ω0)
]
−e−γ(t2−t1) sin [ 12 (t1 − t2) (∆ (t1 + t2) + 2ω0)] e−γ(t2−t1) cos [ 12 (t1 − t2) (∆ (t1 + t2) + 2ω0)]
)
.
(14)
We further need to account for the complete dephas-
ing induced by the nonselective projective measurement.
During a nonselective measurement of σx, the expecta-
tion value of σx remains unchanged. However, the ex-
pectation values of σz and σy will be set to zero. We
describe that operation with the matrix,
δx =
(
1 0
0 0
)
, (15)
in the same basis that we have used for the propagator.
The probability to find the system in state |+〉 is given by
the expectation value of the projector Π+ = (I + σx)/2.
Assuming the system to be initially in state |+〉, we find
in absence of the intermediate nonselective measurement,
〈σx〉(τ) = V †(0, τ) · (1, 0)T = e−γτ cos
(
∆τ2
2
+ ω0τ
)
.
(16)
As a result, the probability to find the system in state
|+〉 at time τ is,
p+(τ) =
1
2
[
1 + e−γτ cos
(
∆τ2
2
+ ω0τ
)]
. (17)
On the other hand, in the presence of a nonselective σx
measurement at time τ/2, we obtain,
〈σx〉(τ) = V †(τ/2, τ) · δx · V †(0, τ/2) · (1, 0)T
=
1
2
e−γτ
[
cos
(
∆τ2
2
+ τω0
)
+ cos
(
∆τ2
4
)]
.
(18)
The probability to find the system in state |+〉 at time τ
is now,
p′+(τ) =
1
2
+
e−γτ
4
[
cos
(
∆τ2
4
)
+ cos
(
∆τ2
2
+ ω0τ
)]
.
(19)
The quantum witness follows as Wq = |p+(τ)〉 − p′+(τ)|.
Maxima of the quantum witness
In order to determine the maxima of the quantum wit-
ness (5) for a given time τ , we compute its partial deriva-
tive with respect to the driving amplitude ∆. We obtain,
∂
∂∆
Wq(τ) = − 1
16
τ2e−γτ
[
sin
(
∆τ2
4
)
− 2 sin
(
2∆τ2 + 4ω0τ
4
)]
sgn
[
cos
(
∆τ2
4
)
− cos
(
2∆τ2 + 4ω0τ
4
)]
, (20)
where sgn(x) is the sign function. The sign function only
vanishes when Wq = 0, that is, for minima of the quan-
tum witness. Similarly, the prefactor only vanishes for
τ = 0, which is again a minimum of the witness. The
driving amplitude thus satisfies the equation,
sin
(
∆τ2
4
)
− 2 sin
(
2∆τ2 + 4ω0τ
4
)
=0. (21)
To simplify the discussion, we consider the case ω0 = 0.
Equation (21) has then four solutions. The first solution,
∆0(k, τ) =
8pik
τ2
, k ∈ Z (22)
corresponds to the situation where both sine functions
vanish, that is, to a minima of the quantum witness. The
maxima of the quantum witness are finally determined by
the remaining three solutions,
∆1(k, τ) =
4pi (2k + 1)
τ2
, (23)
∆2(k, τ) =
4
(
2pik − tan−1 (√15))
τ2
, (24)
∆3(k, τ) =
4
(
2pik + tan−1
(√
15
))
τ2
. (25)
The solution ∆1(k, τ) saturates the dimensional bound of
1/2 of the quantum witness in the absence of dephasing.
The positions of the maxima for ω0 6= 0 may be found
numerically.
7Calculating the steering parameter
In the temporal steering scenario, Alice starts by mea-
suring one of a set of N observables, before handing the
system over to Bob, who in turn measures the same
observable as Alice [29–34]. Independent of the initial
state of the system, the measurement performed by Alice
projects the state into one of the eigenstates of the mea-
sured observable. In the current scenario, the measured
observables are the two Pauli operators σx and σy. As-
suming that the initial state is a maximally mixed state
ρ = 1/2, the measurement will yield either of the two
possible measurement outcomes with equal probability.
We thus consider the time evolution of the system for
the four possible post-measurement states after the ini-
tial measurement by Alice, which correspond to the σx
eigenstates |+〉, |−〉 and the σy eigenstates |φ+〉, |φ−〉, re-
spectively. Using the propagator (14) with,
|±〉=
(±1
0
)
; |φ±〉=
(
0
±1
)
. (26)
we find the same contribution in all four cases,
〈σx,y〉2(τ) = e−2γτ cos2
(
∆τ2
2
+ ω0τ
)
, (27)
which directly leads to the steering parameter (11).
Maxima of the steering parameter
To determine the maxima of the steering parameter
(11) for a given time τ , we evaluate its partial derivative
with respect to the driving amplitude ∆,
∂
∂∆
S2(τ) = −τ2e−2γτ sin(∆τ2 + 2ω0τ). (28)
The value τ = 0 corresponds to a trivial maximum. We
are thus left with the equation, sin(∆τ2+2ω0τ)=0, which
is fulfilled for ∆τ2 + 2ω0τ=kpi, (k ∈ Z), or,
∆0(k, τ) =
(2k + 1)pi − 2ω0τ
τ2
(29)
∆1(k, τ) =
2kpi − 2ω0τ
τ2
. (30)
Here, ∆0(k, τ) refer to minima, while ∆1(k, τ) refer to
maxima.
